The fundamental purpose of this paper is to propose a new Laplace-type integral transform (NL-TIT) for solving steady heat-transfer problems. The proposed integral transform is a generalization of the Sumudu, and the Laplace transforms and its visualization is more comfortable than the Sumudu transform, the natural transform, and the Elzaki transform. The suggested integral transform is used to solve the steady heat-transfer problems, and results are compared with the results of the existing techniques.
Introduction
For more than 150 years, the motivation behind integral transforms is easy to understand. The integral transforms have a widely-applicable spirit of converting differential operators into multiplication operators from its original domain into another domain. Besides, the symbolic manipulating and solving the equation in the new domain is easier than manipulation and solution in the original domain of the problem [1] - [8] . The inverse integral transforms are always used to mapped the manipulated solution back to the original domain to obtain the required result.
In the mathematical literature, the famous classical integral transforms used in differential equations, analysis, theory of functions and integral transforms are the Laplace transform [9] which was first introduced by a French mathematician Pierre-Simon Laplace (1747-1827), the Fourier integral transform [10] devised by another French mathematician Joseph Fourier (1768-1830), and the Mellin integral transform [11] which was introduced by a Finnish mathematician Hjalmar Mellin . Besides, the Laplace transform, the Fourier transform, and the Mellin integral transforms are similar, except in different coordinates and have many applications in science and engineering [12] . Moreover, in mathematics there are many Laplacetypes integral transforms such as the Laplace-Carson transform used in the railway engineering [13] , the z-transform applied in signal processing [14] , the Sumudu transform used in engineering and many real-life problems [15] , the Hankel's and Weierstrass transform applied in heat and diffusion equations [16, 17] . In addition, we have the natural transform [18] and Yang transform [19, 20] used in many fields of physical science and engineering.
This paper aims to further introduce a suitable Laplace-type integral transform for solving steady heat-transfer problems. We will prove some important theorems and properties of the suggested integral transform and illustrated their applications. In the next section, we begin with the definition of the proposed Laplace-type integral transform and introduce some useful theorems of the integral transform.
Definition and Theorems
Definition 1.1. The new Laplace-type integral transform of the function v(t) of exponential order is defined over the set of functions,
by the following integral:
where Θ is the NL-TIT operator. It converges if the limit of the integral exists, and diverges if not.
The inverse NL-TI transform is given by:
Equivalently, the complex inversion formula of the NL-TI transform is given by:
where s and u are the NL-TI transform variables, and β is a real constant and the integral in eq. (3) is computed along s = β in the complex plane s = x + iy. 
for all t ∈ [t 0 , ∞), and a constant β, then Θ [v(t)] (s, u) exists for all s u > β.
Proof.
To prove the theorem, we must first show that the improper integral converges for s u > β. Without loss of generality, we first split the improper integral into two parts namely:
The first integral on the right hand side of eq. (5) exists by the first hypothesis, hence the existence of the Laplace-type integral transform completely depends on the second integral. Then by the second hypothesis we deduce:
Hence, eq. (7) In the next theorem, we prove the uniqueness of the NL-TI transform.
Uniqueness of the new Laplace-type integral transform. Let v(t) and w(t) be continuous functions defined for t ≥ 0 and having NL-TI transforms of V (s, u) and
Proof. From the inverse NL-TI transform eq. (3), we have
Since V (s, u) = W (s, u) by the second hypothesis, then replacing this in eq. (8), we obtain
This implies
Hence, eq. (10) proves the uniqueness of the NL-TI transform.
Convolution theorem of the NL-TI transform. Let the functions v(t) and w(t) be in set A. If V (s, u) and W (s, u) are the NL-TI transforms of the functions v(t) and w(t) respectively, then
Where v * w is the convolution of two functions v(t) and w(t) which is defined as:
Proof. Based on eq. (1) and eq. (12), we get:
Changing the limit of integration yields:
Substituting ϑ = t − τ in the inner integral, we deduce:
Hence,
This complete the proof.
exists and that v(t) is differentiable n-times on the interval (0, ∞) with n th derivative v (n) (t), then
. . .
Proof. Using Definition 1.1 of the NL-TI transform and integration by parts, we deduce:
Finally, eq. (18) follows using mathematical induction.
In the next theorems, we prove the NL-TI transform of Riemann-Liouville fractional derivative RL D α t [6] , and the Caputo fractional derivative C D α t [6] . 
where I α is the Riemann-Liouville fractional integral.
Proof.
. Applying the hypothesis of theorem (1.4), we get
The proof ends. Theorem 1.6. New Laplace-type integral transform of Caputo fractional derivative. Assume α > 0, n = 1 + [α] and v(t),
where C D α t is the Caputo fractional derivative.
Applying the Caputo fractional derivative [6] and theorem (1.3), we deduce:
Finally, using the hypothesis of theorem (1.4) yields:
Some Properties of the NL-TI transform Property 1. Linearity property of the NL-TI transform. Let Θ [v(t)] (s, u) = V (s, u) and Θ [w(t)] (s, u)
where α and β are constants. Proof. Linearity property follows directly from Definition 1.1.
Property 2. Exponential Shifting Property of the NL-TI transform. Let the function v(t) ∈ A and α is an arbitrary constant, then
Proof. Using Definition 1.1 of the NL-TI transform, we get:
In particular,
. (28) Based on Definition 1.1, the NL-TI transform of sin(3t) is given by:
(29) So, replacing the variable s with (s + 4u) in eq. (29), we obtain:
Alternatively,
Moreover, 
Proof. Let w(t) = t 0 v(ζ)dζ, then w ′ (t) = v(t) and w(0) = 0. Computing the NL-TI transform of both sides, we get:
Proof. By Definition 1.1 of the NL-TI transform and Leibnizs rule, we obtain:
Thus, eq. (37) above proves the theorem for n = 1. To generalized the theorem, we apply the induction hypothesis. Let assume the theorem holds for n = k that is
Then d ds
Alternatively, using Leibnizs rule, we deduce:
Since, eq. (41) holds for n = k + 1, then by induction hypothesis the prove is complete.
Applications
In this section, we illustrate the applicability of the proposed Laplacetype integral transform on steady heat-transfer problems to proves its efficiency and high accuracy. Example 1. Consider the following steady heat-transfer problem:
subject to the initial condition
where h− is the convection heat transfer coefficient, M − is the surface area of the body, ρ− is the density of the body, Λ− is the volume, c p − is the specific heat of the material, and v(t) is the temperature.
Applying the NL-TI transform on both sides of eq. (42), we get:
Substituting the given initial condition and simplifying, we get:
Taking the inverse NL-TI transform of eq. (45), we get:
The exact solution is in excellent agreement with the result obtained in [5, 20] .
Example 2. Consider the following steady heat-transfer problem:
Subject to the boundary and initial conditions v(0, t) = 0, v(5, t) = 0, v(x, 0) = 10 sin(4πx) − 5 sin(6πx).
Applying the NL-TI transform on both sides of eq. (47), we deduce:
The general solution of eq. (50) can be written as:
where V h (x, s, u) is the solution of the homogeneous part which is given by:
and V p (x, s, u) is the solution of the inhomogeneous part which is given by:
Applying the boundary conditions on eq. (52), yields
since, α 1 = α 2 = 0. Using the method of undetermined coefficients on the inhomogeneous part, we get: 
Taking the inverse NL-TI transform of eq. (56), we obtain:
The exact solution is the same with the result obtained in [9] . v(x, t) = x + t α Γ(1 + α)
.
The result obtained in eq. (65) is in excellent agreement with the result obtained in [6] . The special case of eq. (65) when α = 1 is given by:
v(x, t) = x + t.
(66)
The result of eq. (66) is in closed agreement with the result obtained in [6, 7] .
Conclusion
In this paper, we introduced a powerful Laplace-type integral transform for finding a solution of steady heat-transfer problems. The proposed Laplace-type integral transform converges to both Yang transform, and the Laplace transforms just by changing variables. Many interesting properties of the suggested integral transform are discussed and successfully applied to steady heat-transfer problems. Finally, based on the efficiency and simplicity of the Laplace-type integral transform, we conclude that it is a powerful mathematical tool for solving many problems in science and engineering.
Nomenclature
Greek symbols c p − is the specific heat of the material, [Jkg −1 K −1 ]
x, t−space co-ordinates, [m] h− is the convection heat transfer coefficient, [Wm −2 K −1 ] v(t)− temperature, [K] v(x, t)−temperature, [K] 
